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IDENTIFICATION OF CRACKS IN BOX-SECTION BEAMS WITH A 1 
CRACKED BEAM ELEMENT MODEL 2 
Chuanchuan HOU 1 and Yong LU 2 3 
 4 
ABSTRACT 5 
Box-section steel members are widely used in different types of engineering structures. 6 
Identification of cracks in box-section members poses a particular challenge because of the 7 
section geometry. This paper presents a crack identification approach for box-section beam- 8 
column members based on a cracked beam element model and using a finite element model 9 
updating procedure. The cracked beam element model is established by involving an 10 
additional local flexibility due to the crack, which is formulated using the fracture mechanics 11 
principles. To calculate the additional local flexibility, the stress intensity factors for cracks in 12 
box sections need to be established and this is achieved using an empirical approach 13 
combining FE simulation, parametric analysis and regression. The cracked beam element 14 
model is verified in terms of its predictions of the dynamic properties of cracked box-section 15 
beams against both FE simulated and experimentally measured modal data. Both thick-walled 16 
and thin-walled box-section beams have been considered in the FE simulated examples, while 17 
several box-section beams with different numbers of cracks have been tested in the 18 
experiment. Subsequently, the model is incorporated in the crack damage identification 19 
procedure. Results indicate that cracks can be identified correctly for beams with both single 20 
crack and multiple cracks and the identified crack parameters are of good accuracy. 21 
Keywords: Box-section beam, dynamic properties, damage identification, cracked beam 22 
element, model updating, modal testing  23 
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INTRODUCTION 24 
Box section beams have been widely used in different types of engineering structures, 25 
from large-size box girders in bridge structures, medium-size beams and columns in buildings, 26 
to small-size vehicle frames. The main advantage of box section members is that sufficient 27 
bending and torsion stiffness can be achieved while the self-weight of the structure is greatly 28 
reduced. Box beams with small wall thickness belong to thin-walled members, and have been 29 
extensively studied since Vlasov (1961). In the service life of box beams, one critical issue is 30 
the development of cracks in the beam walls. One example is the development of fatigue 31 
crack of steel box beams under cyclic loading, especially at the welding locations 32 
(Nussbaumer et al., 1999). Identification of the occurrence of cracks is thus an important topic 33 
for the monitoring and maintenance of box beam structures.  34 
Among various types of techniques for structural health monitoring, vibration-based 35 
damage identification is one of the most researched approaches (Doebling et al., 1996; 36 
Mottershead and Friswell, 1993; Sohn et al., 2004). This approach employs measured modal 37 
data to identify the existence, location and severity of damages in the structures. In the past, 38 
vibration-based damage identification has been applied on various types of structures, such as 39 
RC beams (Cerri and Vestroni, 2003; Unger et al., 2006), composite beams (Moaveni et al., 40 
2008), and steel space structures like frame or truss (Hu et al., 2001; Jones and Turcotte, 2002; 41 
Lu and Tu, 2004). 42 
It is noted that most of the studies have dealt with solid section members, such as concrete 43 
beams, or solid steel members in space structures. Limited research has been devoted to crack 44 
damage identification of hollow section structures. Of the few relevant publications, two are 45 
summarized here. Liu et al. (2003) studied the crack detection in hollow circular section 46 
beams. The crack detection method is based on the fact that a circumferential crack in a 47 
hollow section brings coupled vibration between longitudinal and bending vibrations, and 48 
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thus an extra resonant peak appears in the frequency response function of the cracked beam. 49 
This method is capable of detecting the existence of cracks, but it is difficult to predict the 50 
severity (crack depth) and location parameters, especially when multiple cracks exist. Zheng 51 
and Fan (2003) analysed the vibration of cracked hollow section beams with circular or 52 
square sections. The vibration functions were established by treating the cracked beams as an 53 
assembly of sub-segments linked up by rotational springs. The stiffness of the rotational 54 
springs was expressed with some local flexibility coefficients for the cracks, which were 55 
derived from fracture mechanics principles. It is noted that in the above study the stress 56 
intensity factors (SIFs) for cracks in plane sections were employed for the local flexibility 57 
calculation of hollow sections, and this treatment could bring in marked errors as cracks in 58 
hollow sections is a three-dimensional problem in nature and specific SIFs for this type of 59 
sectional configuration should be used.  60 
The present paper is aimed for the crack identification of box section beams with a 61 
suitable cracked element description for this type of structural members. The general 62 
identification adopts a model-based approach, in which a structural model (finite element 63 
model) is employed and the variable model parameters are updated in accordance with the 64 
measured modal data. In order for the crack parameters to be identified accurately through 65 
this procedure, first a cracked beam element model is developed for the cracked box-section 66 
beams with explicit descriptions of the crack parameters, including the crack severity (depth) 67 
and its relative location within an element. The cracked beam element is established through 68 
incorporating an additional local flexibility brought by the crack, which is in turn related to 69 
the stress intensity factors (SIFs) for box-section beams. A general formulation is presented 70 
for the additional local flexibility for generic box sections. Am empirical procedure is adopted 71 
for the derivation of the SIFs combining FE simulation, parametric analysis and regression. 72 
Specific SIF results are obtained for square box sections to demonstrate the empirical 73 
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procedure and subsequently to verify the cracked beam element model. The verification is 74 
firstly carried out in the (forward) prediction of the modal properties, particularly natural 75 
frequencies and mode shapes, using the cracked box section beam element model against 76 
refined finite element simulations. The cracked beam element is then incorporated in a model 77 
updating procedure for crack identification. Finally the cracked beam element model and the 78 
crack identification procedure are applied on experimental square box beams with different 79 
configurations of cracks.  80 
CRACKED BEAM ELEMENT MODEL FOR BOX-SECTION BEAMS 81 
Various simplified crack models have been developed in the literature for the vibration 82 
analysis of cracked beams. Generally speaking the models may be divided into four categories, 83 
namely a) reduced stiffness model, b) models based on stress fields, c) models based on a 84 
discrete spring scheme, and d) models based on local flexibility and fracture mechanics. A 85 
recent study by the authors (Hou and Lu, 2016) on relatively thick cracked beams whose 86 
length to depth ratio is around 10 shows that a cracked beam element model formulated on the 87 
basis of additional flexibility and fracture mechanics has superior performance over other 88 
models in two important aspects, 1) the model is capable of providing a consistent and 89 
accurate representation of the effect of a crack on the vibration properties of a cracked beam 90 
for practically all modes of interest; 2) the model takes into account specific features 91 
concerning the vibration of thick beams, including shear deformation and coupling between 92 
the flexural and longitudinal modes. In contrast, the reduced stiffness model, which is widely 93 
used in the damage identification literature, is incapable of maintaining a consistent 94 
representation of the crack effect for different modes. So in the present study the cracked 95 
beam element model has been adopted and extended to model the cracked box section beams. 96 
One-dimensional beam element for intact box-section beams 97 
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Usually a cracked beam element model is formulated as an extension from the respective 98 
intact beam element model by incorporating the influence of cracks. For the box section 99 
beams, first a suitable one-dimensional beam element for the intact box beams is selected. 100 
The classic Euler-Bernoulli and Timoshenko beam elements are general choices for 101 
modelling beam-like structures. These beam elements can also be adopted for modelling box-102 
section beams. However, it is known that for relatively thin-walled box beams under loading, 103 
in-plane deformations such as warping, distortion and shear-lag effect cannot be ignored. The 104 
plane section assumption for classic beam elements does not strictly hold for box sections due 105 
to these effects. Consequently, marked modelling errors could arise when using classic beam 106 
models for box beams. To overcome this issue, some advanced one-dimensional beam 107 
elements have been developed in the past to account for the warping, distortion or shear-lag 108 
effects in thin-walled box beams. Some representative models are summarized here.  109 
Carrera et al. (2011), Carrera and Varello (2012) developed a refined beam theory for 110 
thin-walled structure with in-plane stretching considered. The obtained beam element has 9 111 
degrees of freedom at each node, resulting in an 18×18 stiffness matrix. Kim and Kim (1999) 112 
developed a two-noded C0 continuous thin-walled box beam element with the coupled 113 
deformation of torsion, warping and distortion considered. At each node, the axial rotation, 114 
warping, and distortion are used as degrees of freedom, and the resulted stiffness and mass 115 
matrices are of size 6×6. Another group of one-dimensional beam elements incorporate the 116 
shear-lag effect in the bending analysis of box girders (Luo et al., 2002; Zhang and Lyons, 117 
1984; Zhang and Lin, 2014; Zhou, 2010). These models used the assumption by Reissner 118 
(1946) of a displacement function for shear lag warping to obtain the shear-lag induced axial 119 
stress distribution. The beam stiffness matrix can be obtained from the strain energy of the 120 
beam element, in which the shear-lag induced rotation is generally used as an independent 121 
degree of freedom. As a result, the size of the stiffness matrix will be expanded compared to 122 
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the stiffness matrix from classical Euler-Bernoulli or Timoshenko theory and the bending 123 
stiffness of the beam model is reduced due to the existence of shear-lag effect. 124 
The present study is mainly concerned about crack identification for box-section beams. 125 
To simplify the formulation while retaining the essential effect of cracks, the classic 126 
Timoshenko beam element is selected for the modelling of intact box beams and forms the 127 
basis for the cracked beam element model. It can be readily replaced with a more advanced 128 
beam model as mentioned above and the formulation procedure is similar to what is discussed 129 
in this paper. But as will be shown later in the application (numerical) and experimental 130 
verification sections, the Timoshenko-based cracked beam element model is sufficiently 131 
effective for crack identification of box beams with either relatively thick or thin walls. 132 
Crack model formulation 133 
The additional flexibility for the cracked box section beam is established using the energy 134 
approach in conjunction with the fracture mechanics theory. Let a generic box section size be 135 
B×D, as shown in Fig. 1. The wall thicknesses for the horizontal and vertical walls are tsB and 136 
tsD, respectively. Assume that fracture of the beam is due to vertical bending and the crack 137 
starts from the centre of bottom edge and propagates symmetrically towards the corners with 138 
a length of aH (≤B/2), which is defined as Stage 1 of the crack development. After the whole 139 
bottom wall is cracked, the crack goes up to the side walls with a depth of aV (≤D), defined as 140 
Stage 2. 141 
A cracked box beam element with 6 degrees of freedom (DOFs) in the x-y plane is 142 
developed to model the box beam with a cracked section shown in Fig. 1. The DOFs consist 143 
of axial, transverse and rotational DOFs but without torsion, as shown in Fig. 2. The element 144 
has a length of le and the crack is located at a distance of lc from the left node. In Stage 1 of 145 
the crack propagation, the total crack length a can be calculated as 2aH, and in Stage 2 as 146 
B+2aV. A crack length ratio is defined as the ratio of aH to the width B, αΗ = aH/B (αΗ ≤ 0.5). 147 
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Similarly, a crack depth ratio for the crack in the vertical walls is defined as αV = aV/D (αV ≤ 148 
1.0). An overall crack depth ratio α is further defined as, 149 


+
=
 walls verticalinto propagescrack when 5.0
 wallbottom in theonly  iscrack when 
V
H
α
α
α                                 (1) 150 
The strain energy in the cracked beam element under a generalised load is equal to the 151 
strain energy of the intact beam element plus the additional strain energy brought by the crack, 152 
as shown in Eq. (2). The additional strain energy due to the presence of a crack can be 153 
evaluated by the fracture energy. Let the element be subjected to axial load P (u), shear force 154 
Q (v) and bending moment M (θ). 155 
c0T UUU +=                                                               (2) 156 
The additional strain energy brought by the crack Uc can be established according to the 157 
fracture mechanics theory as equal to the fracture energy: 158 
=
c
dc
A
AGU                                                                (3) 159 
where, G is the energy release rate and Ac is the effective crack area. The relationships 160 
between the energy release rate G and the stress intensity factors (SIFs) are shown in Eq. (4) 161 
(Tada et al., 2000).  162 
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G                                                 (4) 163 
where KI, KII and KIII are the stress intensity factors for the open, sliding and tearing cracks, 164 
respectively; For plane stress, E′=E, and for plane strain, E′=E/(1-ν), where ν is the Poisson’s 165 
ratio of the material. 166 
For the cracked beam element considered in Fig. 2, only the first SIF KI needs to be 167 
considered for crack in Stage 1 whereas only the first two SIFs, KI and KII, exists for Stage 2. 168 
As the beam wall thickness is relatively thin, the crack problem is treated as plane stress. 169 
The formulations of the first two types of SIFs can be expressed as (Liu, 1996; Tada et al., 170 
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2000): 171 
( ),...1I
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PK π=                                                       (5a) 172 
( ),...
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e
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where, KI1 and KI2 are the SIFs of mode I crack under axial loading and pure bending, 175 
respectively; KII is the SIF of mode II under shear loading. A0 is the sectional area of the box 176 
beam; I is the second moment of area of the box section; Ae is the effective shear area of the 177 
box beam section, which can be calculated as Ae=κA0 and the shear coefficient κ for box 178 
beam is calculated with the equation recommended by Cowper (1966): 179 
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where, )/()2( sDsBsD DtttBm −= , DtBn /)2( sD−= .  181 
There are three dimensionless terms FI1, FI2 and FII in Eq. (5), which are functions of 182 
geometrical parameters of the section and crack depth. Expressions for these terms will be 183 
presented in the next sub-section. 184 
With Eq. (4) and (5), the strain energy release rate G for the current loading case can be 185 
written as: 186 
For crack development in Stage 1, 187 
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where FI1H and FI2H are terms related to cracks in Stage 1 . 189 
For crack development in Stage 2, 190 
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where FI1V, FI2V and FIIV are terms related to cracks in Stage 2. 192 
The strain energy of an intact Timoshenko beam element U0 can be calculated as: 193 
( ) 
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e
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1 l x
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With the total strain energy of the cracked beam, the flexibility can then be obtained by 195 
invoking Castigliano’s theorem as: 196 
jijiji
ij FF
U
FF
U
FF
Uc
∂∂
∂
+
∂∂
∂
=
∂∂
∂
=
c0T                                                     (9a) 197 
or      c,0, ijijij ccc +=      (9b) 198 
where, cij is the total local flexibility and Fi is the force applied on the ith DOF of the beam 199 
node. cij,0 is the flexibility of the intact beam element, and cij,c is the additional flexibility due 200 
to the presence of the crack. 201 
With Eq. (7), (8) and (9), the additional flexibility for the cracked beam element can be 202 
calculated as: 203 
For crack only in Stage 1: 204 
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For crack goes into Stage 2: 206 
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where, i, j = 1, 2, 3, and F1=P, F2=Q, F3=M.  208 
It can be seen that there are 2 parameters representing explicitly the crack information in 209 
cij, namely crack depth a and crack location lc.  210 
The complete 6×6 stiffness matrix for the element can be obtained by inverting the 211 
10 
 
flexibility matrix and satisfying the force equilibrium in the elements, as follows: 212 
TΤCTK *1c −∗=                                                      (11) 213 
where C is the 3×3 flexibility matrix with cij as its elements.  T is the transformation matrix,  214 
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Stress intensity factors (SIFs) for cracked square box beams 216 
To calculate the additional flexibility in Eq. (10), the SIFs for box section beams are 217 
required. The SIFs are defined to represent the strength of the stress fields surrounding the 218 
crack-tip and are determined by the boundaries of the cracked body and loads imposed (Tada 219 
et al., 2000). SIFs for plane problems have been well established in the past, such as in the 220 
handbook by Tada et al. (2000). For members with a 3D geometry however, the solutions are 221 
always case-dependent as the shape of the 3D structures can be quite complicated. In the past 222 
several decades, many studies have tried to obtain the SIFs for various 3D structures, using 223 
methods such as the boundary collocation method and the finite element methods. Some 224 
studies have also tried to get simplified SIF models for thin-walled structures (Gao and 225 
Herrmann, 1992; Xie et al., 2004).  But most of those models mainly focus on the first type 226 
(open) crack. Among various types of methods, the FE modelling approach is an effective and 227 
straightforward way for the estimation of SIFs. With proper model setting, highly accurate 228 
SIFs can be extracted from FE analysis (Carpinteri et al., 2006; Dunn et al., 1997; Wang et al., 229 
2005) 230 
To obtain a full list of SIFs for both open and sliding cracks in both development stages 231 
of a cracked box section beam, FE modelling approach is adopted in this study to establish the 232 
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SIF formulations. The values of SIFs are calculated from FE modelling for cracked box 233 
sections with varying geometrical parameters. With parametric analysis, the main parameters 234 
that may influence the SIFs are determined. Subsequently, a regression analysis is applied to 235 
establish empirical formulas for the SIFs. 236 
Commercial FE package ABAQUS is used to generate the SIF values for crack box 237 
beams. As a special type of box section, herein a square box beam with uniform wall 238 
thickness is used as an example. Other types of sections, such as rectangular box section or 239 
sections with non-uniform wall thickness, can be applied with the same procedure. The box 240 
beam is simulated with 4-node shell element with reduced integration (S4R). To precisely 241 
model the crack behaviour, a series of ring meshes are applied around the crack tip, as shown 242 
in Fig. 3. A mesh convergence check has been conducted to confirm that the finally adopted 243 
mesh is sufficiently accurate as far as mesh is concerned. 244 
In order to deal with the singularity of stress and strain fields at the crack tip, the 245 
‘degenerate element control’ command in ABAQUS is used at the crack tip. To output the 246 
stress intensity factors of the structure, the ‘Contour integral evaluation’ command, which 247 
could calculate the J-integral in fracture mechanics, is used in the FE model. Once the cracks 248 
are defined, both the mode I and mode II SIFs can be directly output by the software. 249 
The dimensionless terms as defined in Eq. (5) are studied with parametric analysis. 250 
Parameters that may influence the SIFs include crack length (aH or aV), wall thickness to 251 
sectional width ratio (ts/B), and sectional width (B). The following parameter ranges are 252 
considered: ts/B= 0.02-0.1; aH= 0-B/2; aV= ts-B/2, and B= 20-200 mm. As will be seen in what 253 
follows, the absolute value of B is not actually important after normalisations with respect to 254 
B.   255 
The parametrical analysis results for dimensionless term FVI2 in Stage 2 are shown in Fig. 256 
4. It can be seen that FVI2 is quite sensitive to aV/B and ts/B, whereas is almost constant under 257 
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different B values. Consequently, FVI2 can be expressed as: 258 

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
= B
t
B
aFF sVV2I
V
2I ,                                                        (13) 259 
A regression analysis is then carried out to obtain the expression for Eq. (13). The 260 
parametric study results show that a linear function can be used to describe the FVI2 versus 261 
ts/B relationship while a quartic function is suitable for the FVI2 versus aV/B relationship, as 262 
shown in Eq. (14). 263 
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Comparisons of KVI2 of Stage 2 from FE modelling and Eq. (14) predictions are shown in 268 
Fig. 5. It can be seen that the results match quite well with each other, with errors smaller than 269 
1%. 270 
Other SIF terms can be obtained with the same approach and the complete results of SIF 271 
equations are listed in the Appendix. With the SIF equations, the flexibility matrix for the 272 
cracked beam element as presented in Eq. (10) can be calculated. 273 
APPLICATION OF THE CRACKED BEAM ELEMENT IN VIBRATION 274 
ANALYSIS AND CRACK DAMAGE IDENTIFICATION 275 
The established cracked beam element model is first verified with numerically simulated 276 
examples. Both forward prediction for modal data and inverse crack damage identification via 277 
model updating are carried out with the cracked beam element model. 278 
Vibration analysis with the cracked beam element 279 
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The performance of the cracked beam element for box-section beam in the prediction of 280 
the beam vibration properties, particularly the natural frequencies and mode shapes, is 281 
verified with numerical examples. Square box beams with uniform wall thickness are used as 282 
examples in the verification. At this juncture, it is worth noting that the sensitivity of the 283 
cracked beam element depends only upon the severity of a crack as measured by the 284 
additional flexibility, irrespective of the section configurations such as the aspect ratio. 285 
Therefore, by varying the degree of the crack severity in the examples with the square box 286 
section beams, the sensitivity of the crack identification method to the crack/section 287 
configurations is generally covered. 288 
A square box beam with dimension as B × ts × L = 100 × 10 × 2000 mm, as shown in Fig. 289 
6, is simulated. The beam section has a ts/B ratio of 0.1. The basic material properties are set 290 
as: E = 201 GPa, ρ = 7850 kg/m3, ν = 0.3. The boundary condition of the beam is set to be 291 
cantilever. The crack is set at Lc = 600 mm from the fixed end of the beam and assumed to 292 
have the form as shown in Fig. 1(b). Two crack depth ratios, α = 0.8 and 1.0 (i.e., αV = 0.3 293 
and 0.5), are used in the calculations. The FE model established with shell elements in the 294 
previous section is used to generate numerically simulated modal data for the intact and 295 
cracked beams. Only transverse bending modes in the simulation results are selected and 296 
applied in the following calculation. 297 
In the beam element models, 5 Timoshenko beam elements, including 4 intact and 1 298 
cracked, are used. Timoshenko stiffness and mass matrices with high-accuracy cubic shape 299 
functions are used for the intact elements, while the cracked beam element model described in 300 
the previous section is used for the cracked element. The cracked element is the 2nd element 301 
and the distance of the crack to the left end of the cracked element is lc = 200 mm. The natural 302 
frequencies and mode shapes for the transverse modes are predicted with the beam element 303 
model (to be referred to as ‘predicted’) and the results are compared with the refined FE 304 
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model as discussed below.  305 
Table 1 summarises the comparison between the numerically simulated and the predicted 306 
lowest four natural frequencies. The relative differences between the simulated and predicted 307 
frequencies are included as ε in percent. Results show that the beam element models predict 308 
the first couple modes of frequencies very accurately for both the intact and cracked beams. 309 
The 3rd and 4th modes have larger but still reasonable errors in the predicted absolute results 310 
(1.5-4.8%). At this juncture it is important to note that, as far as the identification of cracks is 311 
concerned, it is the relative shift of the modal properties from the intact state that is of most 312 
interest, not the absolute values. By examining the relative shift the inherent model error of 313 
using the Timoshenko beam representation will be largely neutralised, as discussed in what 314 
follows.  315 
The relative shift of the natural frequency brought by the crack, Si, is thus employed to 316 
benchmark the effectiveness of the cracked beam element model:  317 
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ffS                                                      (15) 318 
where f0i and fdi are the ith natural frequencies of the intact and cracked beams, respectively. 319 
Fig. 7 shows the comparison between numerically simulated and predicted frequency 320 
shifts of the beams. It can be seen that good matches are achieved for all the four modes with 321 
the relative frequency shift measure.  322 
The accuracy of the cracked beam element model for prediction of mode shapes is 323 
examined with the Modal Assurance Criterion (MAC), as: 324 
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=                                                     (16) 325 
where, φmi and φci are the numerically simulated (representing “measured”) and the predicted 326 
ith mode shapes of the cracked beam, respectively.  327 
The obtained MAC results for the first 4 mode shapes are between 0.998 to 1.0 (hence 328 
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details are not shown here) and these indicate that there is almost a perfect match between the 329 
numerically simulated and predicted mode shapes.  330 
It should be mentioned that in the above example the crack location happens to be in the 331 
middle of a cracked element. In fact the results are not very sensitive to the crack location (lc); 332 
as will be demonstrated in the experimental cases later, where single and multiple cracks take 333 
place at random locations within the respective elements in the FE models, the results are 334 
generally of good accuracy. Nevertheless, care should be taken in an identification procedure 335 
if the crack location is found to be too close to one end of a cracked element, and this will be 336 
discussed further in the next sub-section. 337 
Crack damage identification using the cracked beam element model 338 
The cracked beam element model is subsequently used for crack identification in the 339 
beams. The crack identification is carried out via a finite element model updating procedure. 340 
The beam element model established in the previous sub-section is adopted for updating. For 341 
generality each element in the beam model is considered as a potential cracked element and is 342 
modelled using the cracked beam element with both crack depth ratio (α) and location (lc) 343 
unknown. Therefore there is no limit on the number and location of cracks to be identified in 344 
the beams. In the present model there are 5 beam elements in the model, thus 10 unknown 345 
crack parameters need be updated. It is noted that the beam element close to the tip (free end) 346 
of the cantilever beam has relatively small curvature in the vibration modes and hence will be 347 
insensitive concerning the modal data. To avoid ill-conditioning, and considering that crack 348 
damage does not usually occur near the free end of a cantilever beam, the free-end element is 349 
excluded from the updating and assumed to be intact, leaving 8 parameters to be determined 350 
from the updating.  351 
An objective function incorporating the lowest four modes of eigenvalue and mode shape 352 
data is used for the updating, as shown in Eq. (17). 353 
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where, J is the objective function to be minimised, λ denotes the eigenvalue (= (2πf)2), ϕ 355 
denotes the mode shape displacement, with the subscript ‘m’ indicating numerically simulated 356 
data and ‘c’ computed data, and the superscript ‘d’ indicating damaged (current) state and ‘0’ 357 
the intact state. Nf (= 4) is the number of eigenvalues to be included, Ns (= 4) is the number of 358 
mode shapes to be included, Nn (= 5) is the number of nodes in the mode shapes. Wi and Vi are 359 
the weights for the ith eigenvalue and mode shape, respectively. As the modelling errors in the 360 
modal data tend to increase with mode number, lower weights should be assigned to higher 361 
modes. In the updatings here the weights Wi and Vi are set to be inversely proportional to the 362 
mode order, i.e. equal to 1/i, with i= 1, 2, 3 and 4. 363 
Genetic algorithm (GA) is employed to search for the optimal solution in the model 364 
updating (Perera and Torres, 2006; Tu and Lu, 2008). GA is a global searching engine and the 365 
searching results do not depend on the initial setting of updating parameters. It also avoids 366 
calculating the sensitivity matrix during the updating. Herein the GA function in Matlab is 367 
employed and the basic parametric settings for the GA are listed in Table 2. 368 
The updating results of the four cracked beams are given in Fig. 8. It can be seen that the 369 
cracked element is identified correctly for both beams (element 2 in both cases), and the 370 
errors in the crack depth ratios (α) are in the range of 0.3%-2.7%. The errors in the relative 371 
location (lc) within the cracked element are also small; the updated lc  values are 207mm and 372 
209mm for the two beams, respectively, as compared to the actual 200 mm. The results 373 
suggest that the cracked beam element model is effective in the crack damage identification of 374 
box section beams. 375 
As mentioned in the previous sub-section, in conjunction with the cases included in the 376 
experimental study later, it can be stated that the accuracy of the cracked element model is not 377 
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very sensitive to the location of the crack. Nevertheless, care should be taken in an 378 
identification application if the relative location of a crack is found to be very close to one end 379 
of a cracked element. A likely outcome in such a situation would be that both the actual 380 
cracked element and the adjacent element are identified as “cracked”. To deal with this 381 
situation, a simple way is to repeat the identification (model updating) procedure with an 382 
adjusted discretization scheme. In the adjusted discretization the “suspected” crack location 383 
can be made to situate around the centre of an element to ensure the best accuracy. Further 384 
information about such an adaptive discretization procedure can be found in Hou and Lu 385 
(2016). 386 
Performance of the cracked beam element model on thin-walled box section beams 387 
The beam example presented in the previous section has a ts/B ratio of 0.1, which can be 388 
categorized as a thick-walled beam. Results show that the cracked beam element model 389 
performs well for both vibration property predictions and crack damage identification of the 390 
thick-walled cases.  391 
In applying the cracked beam element model on really thin-walled box beams, it can be 392 
anticipated that the basic model error associated with the Timoshenko beam representation of 393 
the beam will increase due to the increased contribution of in-plane deformations. 394 
Nevertheless, similar to the situation with the thick-walled box sections, by employing the 395 
relative shift measure of the modal properties with respect to the intact beam under the same 396 
model, the basic model error could be neutralised to a large extent. As such, the cracked beam 397 
element model could be similarly effective in the identification of the cracks in thin-walled 398 
box beams. This is illustrated in what follows. 399 
The same square box beam as shown in Fig. 6 is used in the verification. But now a much 400 
thinner wall thickness (ts = 2 mm) is employed in the beam. So the dimension of the beam 401 
becomes B × ts × L = 100 × 2 × 2000 mm and the ts/B ratio is 0.02. All the other parameters, 402 
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including material properties, boundary condition and crack parameters, are left to be the 403 
same as the thick-walled beam.  404 
The same beam models with 4 intact and 1 cracked Timoshenko beam elements are used 405 
to predict the natural frequencies and mode shapes of the thin-walled box beams. The 406 
comparison between numerically simulated (with refined FE) and the predicted (using the 407 
Timoshenko beam with cracked beam element model) results for the lowest four natural 408 
frequencies is shown in Table 3. 409 
It can be seen that the cracked beam element model is able to predict the first couple 410 
modes of natural frequencies with similar accuracy to those in the thick-walled beams. But for 411 
the 3rd and 4th modes, the errors in the predicted results are considerably large (8.2% - 33.9%). 412 
As mentioned earlier this is attributable to stronger presence of warping, distortion and shear-413 
lag effects in the thin-walled section. 414 
In terms of the relative shifts of the natural frequencies brought by the crack as defined in 415 
Eq. (15), however, the results are presented in Fig. 9. It can be seen that the numerically 416 
simulated and predicted results have good match for all the modes. It indicates that by 417 
calculating the relative shift of frequency, the modelling errors brought by non-classic beam 418 
effects can be greatly eliminated and the cracked beam element model is capable of predicting 419 
the frequency shifts accurately up to the first four modes for the thin-walled beam. 420 
MAC results of the first 4 mode shapes for the thin-walled beam are all greater than 0.997 421 
(hence not shown) and this shows the cracked beam element model can predict the mode 422 
shapes with high accuracy even though strong non-classic beam effects are presented. 423 
The crack damage identification procedure presented in the previous section is 424 
subsequently applied on the cracked thin-walled box beams. Model updating results are 425 
presented in Fig. 10. It can be seen that the cracked element is identified correctly for both 426 
beams (element 2). The updated crack depth ratios have similar accuracy to those for the 427 
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thick-walled beams. As for the relative crack location (lc) within cracked element, the results 428 
from the updating are 209mm and 207mm for the two beams, respectively, as compared to the 429 
actual 200mm. In combination the results show that the Timoshenko-based cracked beam 430 
element model performs well for crack damage identification of both thick-walled and thin-431 
walled box beams. 432 
EXPERIMENTAL VERIFICATION WITH THE CRACKED BEAM 433 
ELEMENT MODEL  434 
An experimental programme of modal testing with box-section beams has been conducted 435 
to further verify the cracked beam element model for this type of beams. Both single-crack 436 
and multiple-crack beams were prepared for the tests to cover different possible crack damage 437 
scenarios in box beams. 438 
Test specimens 439 
Five square steel box-section beams with dimension as B × ts × L = 100 × 5 × 1200 mm 440 
were prepared in the modal testing programme, as shown in Fig. 11.  441 
The beams are labelled as H0, H1-H4 in sequential order, with beam H0 being an intact 442 
beam as the reference. Beams H1-H4 are cracked beams, and the cracks all propagate into the 443 
vertical walls (i.e., having the form shown in Fig. 1(b)). The arrangements of the cracks were 444 
made to represent different cracked beam scenarios, including having both single and multiple 445 
cracks. Beams H1 and H2 contained a single crack at the same relative location but different 446 
crack depth ratios. Beams H3 and H4 have 2 and 3 cracks, respectively. In beam H3, the two 447 
cracks are remotely spaced whereas in beam H4, two of the cracks are closely spaced. The 448 
cracks were created with saw cuts and the width of the cut is around 1mm. It is worth noting 449 
that it is a common practice to create cracks using saw-cut in laboratory studies, and it is 450 
generally established that the stress intensity factors for real crack tips are applicable to the 451 
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tips of deep slender notches (Tada et al., 2000). Therefore, the cracked beam element model 452 
can be applied to the tested specimens with notches directly. Detailed information of the 453 
cracks is presented in Table 4. 454 
Modal testing setup  455 
Free-free boundary conditions were created for the tested beam with two strings, as 456 
shown in Fig. 12. A precision impact hammer (B & K type 8206-002) was used to excite the 457 
beam. The hammer was capable of generating a relatively uniform impact force spectrum in 458 
the range of 0-10000 Hz, which was sufficient to cover the first several vibration modes of the 459 
beam. The acceleration response of the beam was measured with light-weight accelerometers 460 
with a measurement range of ±700 m/s2 (B & K Delta Tron® 4508 B003 type). The 461 
measurements were recorded with a multi-channel data acquisition system (NI-9234). The 462 
sampling rates for both excitation and response measurements were set to be 25600 Hz which 463 
was dictated by the small pulse duration of the impact force, and the record duration of the 464 
signals were set to be 16 s, which was long enough to cover the entire transient vibration.  465 
Both the natural frequencies and mode shapes of the beams were measured during the 466 
modal testing. To extract the mode shapes, 11 uniformly distributed measurement locations 467 
were marked on the beam, as shown in Fig. 12(b). An accelerometer was attached at location 468 
P4 while another one was attached to the bottom side of the beam at the same span location. 469 
The reason for such arrangement was primarily to enable the identification of global bending 470 
modes and a detailed explanation will be given in the next sub-section. During the tests, 471 
impact was applied at each measurement location from P1 to P11 in a routine procedure. 472 
Frequency response function (FRF) curves were calculated with the Fourier transform of 473 
the impact force and acceleration signals. To reduce the measurement noises in the FRFs, 474 
general signal processing techniques such as windowing and averaging were applied. A force 475 
window was employed on the measured the impact force signal, and 10 repetitive tests were 476 
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performed for each excitation location and the obtained FRF curves were averaged to get the 477 
final FRF.  478 
Modal testing results 479 
A representative measured FRF curve from the intact beam H0 is shown in Fig. 13. It can 480 
be seen that the curve is of good quality and has clear resonances. The natural frequencies and 481 
mode shapes of the beam can be extracted from the FRF curve in a rather straightforward 482 
manner.  483 
It should be noted that there are some 11 resonances in the frequency range of 1000-2000 484 
Hz, but not all these resonances belong to transverse bending modes. To identify from the 485 
modal testing results the transverse bending modes, which are the modes used for crack 486 
identification with the Timoshenko-cracked beam element model, the mode shapes need to be 487 
employed to distinguish these modes from the local modes. 488 
It has been mentioned in the previous sub-section that two accelerometers were attached 489 
at both sides of the tested beam, so two sets of mode shapes were obtained for the beams. For 490 
a global transverse bending mode, the mode shapes extracted from the top and bottom 491 
accelerometers should match each other consistently. To assist in a more precise identification 492 
process, the Timoshenko beam element model is used to provide an approximate prediction of 493 
the transverse bending mode shapes and calculate the MAC values between the predicted and 494 
measured modes. The measured modes which give high MAC values can be identified as real 495 
bending modes (herein a MAC of 0.95 is used as a threshold). 496 
It is found that basically there are three types of modes in the FRF curves, and the 497 
corresponding measured mode shape displacements are shown in Fig. 14, where x is the beam 498 
span location. The curves shown in Fig. 14(a) are not correlated to any bending mode and can 499 
be easily discarded. The curves in Fig. 14(b) show good match with each other. After 500 
comparing with the predicted modes, it is confirmed that this is the 2nd bending mode for the 501 
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beam. The two curves in Fig. 14(c) also show good correlation with the predicted mode shape 502 
(1st mode). However, it is noted that the mode shapes from the two accelerometers have 503 
opposite bending directions. In other words, it is not a global bending mode, but a mode 504 
associated with the vibration of box walls. This kind of wall vibration modes has been 505 
observed and discussed in the literature (e.g. Hung et al. 1995) and should as well be 506 
discarded. 507 
With the above process, the lowest 3 bending modes of the tested box beams can be 508 
separated, as shown in Fig. 13. The extracted natural frequencies and displacement-509 
normalized 1st mode shapes for all the five beams are shown in Table 5-6 and Fig. 15. 510 
Verification of the prediction of modal properties by the cracked beam element 511 
Beam models with the cracked beam element are used to predict the natural frequencies 512 
and mode shapes of the tested beams. The beam models include 6 beam elements with 513 
uniform length as 200 mm. The elastic modulus of the steel beams was confirmed from a 514 
preliminary updating and the result indicates this was 208 GPa. 515 
Comparison of measured and predicted natural frequencies are shown in Table 5 and 6. It 516 
can be seen that similar to the observation in the sub-section “Vibration analysis with the 517 
cracked beam element”, the beam models are able to predict the frequencies of lower modes 518 
with good accuracy but the errors in the 3rd mode frequency are considerably large, for 519 
reasons explained before. Nevertheless, the predicted frequency shifts of the first three modes 520 
of beams with a single crack (beam H1 and H2) match very well with the measured results, as 521 
shown in Fig. 16. For the beams with multiple cracks, the frequency shifts of the first couple 522 
of modes also match well. For the 3rd mode, the errors are higher than those of single crack 523 
beams. One explanation is that the presence of a crack alters the effect of shear lag on the 524 
beam behaviour and with multiple cracks the deviation from a standard Timoshenko beam is 525 
amplified.  526 
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MAC results between the measured and predicted mode shapes are shown in Table 7. The 527 
MAC values are close to 1 for the first two modes of all beams. For beams with multiple 528 
cracks, the MAC values are slightly lower but still exceed 0.95. 529 
Model updating and crack damage identification 530 
The model updating strategy presented in the numerical verification section is applied on 531 
the tested beams to identify the cracks. The beam models contain 6 equal-length beam 532 
elements but the two free end elements are excluded from the updating to avoid ill-533 
conditioning. So totally there are 8 updating parameters. The actual crack parameters for the 534 
beams are listed here for the later comparison with the (inverse) updating results. For beam 535 
H1, the crack is in the 4th element with [α, lc]= [0.79, 150]; for beam H2, the crack is in the 3rd 536 
element with [α, lc]= [1.01, 50]; for beam H3, the cracks are in the 3rd and 5th elements, with 537 
[α, lc]= [0.94, 20] and [0.74, 70], respectively; for beam H4, the cracks are in the 2nd, 4th and 538 
5th elements with [α, lc]= [0.99, 90], [0.68, 180] and [0.84, 60], respectively. The measured 539 
first 3 modes of natural frequencies and mode shapes are used to form the objective function 540 
with Eq. (17) and GA is employed to search for the optimistic solution. 541 
The updated results are presented in Table 8 and Fig. 17. It can be seen that the correct 542 
crack element number can be identified for both the single-crack and multiple-crack beams. 543 
Compared with the actual crack conditions shown in Fig. 11 and summarized above, it is 544 
found that the updated crack depth ratios and locations have very good accuracy. The crack 545 
depth ratios (α) generally have errors lower than 6% except the one in the 3rd element of beam 546 
H3 (with error as 13%). Errors in the crack locations (lc) are all smaller than 15%. It is noted 547 
that a marked false crack is identified in the 5th element in beam H2 and in the 2nd element in 548 
beam H2 and H3. As explained earlier, this is partly attributed to the low sensitivity of 549 
elements close to the beam end to the modal information, and partly due to measurement 550 
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errors in modal testing results and modelling errors in the beam element model. Overall, the 551 
crack identification with the cracked beam element is deemed as successful for both the 552 
single-crack and multiple-crack beams. 553 
CONCLUSIONS 554 
 A cracked beam element model has been developed for the crack damage identification 555 
of box-section beams. The model is formulated taking into account the additional flexibility 556 
brought by the crack, using Timoshenko beam as the base element. The additional flexibility 557 
is established in accordance with the fracture mechanics theory. Shear deformation and 558 
coupling between transverse and longitudinal DOFs are also represented in the model. To 559 
calculate the additional flexibility matrix, the stress intensity factors for cracked box-section 560 
beams have been derived from an empirical approach combining FE simulation, parametric 561 
analysis and regression.  562 
The cracked beam element model has been verified against numerically simulated modal 563 
data. Results show that the model is capable of predicting the natural frequencies of the 564 
lowest modes with high accuracy but larger errors incur for higher modes, especially for thin-565 
walled beams. However, the modelling errors can be largely neutralised when the relative 566 
shift of the frequency is calculated. The mode shapes can also be predicted with good 567 
accuracy. The cracked beam element model was then employed in a crack identification 568 
process via finite element model updating. Results show that the cracks can be identified with 569 
high accuracy for both the thick-wall and thin-wall beams. 570 
The cracked beam element model was subsequently verified against experimentally 571 
measured modal data. Different crack scenarios with both single-crack and multiple-crack 572 
were created in the tested beams. Modal test was carried out on the box beams to extract the 573 
natural frequencies and mode shapes. The first three bending modes were extracted from the 574 
measurements. Comparison between the measured and predicted natural frequency shifts as 575 
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well as mode shapes showed good accuracy for both the single-crack and multiple-crack 576 
beams. Crack identification results have also shown that correct cracks can be identified for 577 
both single-crack and multiple-crack beams. The updated crack depth and relative crack 578 
position within the cracked element generally have achieved good accuracy.  579 
The outcome from this study paves a way for the extension of the cracked beam element 580 
model to other types of cross-sections for the crack damage identification purposes. 581 
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 586 
APPENDIX 587 
The stress intensity factors (SIF) for square box beams of uniform wall thickness (ts) can be 588 
expressed as follows. 589 
For cracks at stage 1: 590 
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For cracks at stage 2: 599 
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Tables 
Table 1. Cantilever box beams with ts/B= 0.1 (Unit: Hz) 
Mode 
Intact Cracked (αV = 0.3) Cracked (αV = 0.5) 
Simulated Predicted ε/% Simulated Predicted ε/% Simulated Predicted ε/% 
1 25.9 26.0 0.4 23.8 24.1 1.2 21.1 21.4 1.2 
2 157.5 158.3 0.5 154.0 155.4 0.9 149.8 151.6 1.2 
3 421.3 427.7 1.5 388.7 402.8 3.6 356.6 373.7 4.8 
4 776.6 809.0 4.2 767.2 802.7 4.6 763.0 799.2 4.7 
 
Table 2. Parametric settings for GA 
Parameter Setting 
Population size 3000 
Fitness limit -Infinite 
Max generation 1500 
Crossover fraction 0.7 
Mutation rate 0.02 
  
Table 3. Cantilever thin-walled box beams with ts/B= 0.02 (Unit: Hz) 
Mode 
Intact Cracked (αV = 0.3) Cracked (αV = 0.5) 
Simulated Predicted ε/% Simulated Predicted ε/% Simulated Predicted ε/% 
1 28.2 28.1 0.0 25.5 25.5 0.0 22.5 22.6 0.0 
2 168.7 170.4 1.0 164.3 166.4 1.3 159.9 162.4 1.6 
3 422.8 457.7 8.2 390.8 424.8 8.7 362.6 394.1 8.7 
4 642.9 860.6 33.9 641.6 853.2 33.0 641.1 849.6 32.5 
 
Table 4. Crack depth and location information 
Beam 
label 
Crack1 Crack2 Crack3 
Lc/mm α (αV) Lc/mm α (αV) Lc/mm α (αV) 
H0 - - - - - - 
H1 750 0.79 (0.29) - - - - 
H2 450 1.01 (0.51) - - - - 
H3 420 0.94 (0.44) 870 0.74 (0.24) - - 
H4 290 0.99 (0.49) 780 0.68 (0.18) 860 0.84 (0.34) 
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Table 5. Measured and predicted natural frequencies of beams H0, H1 and H2 (Unit: Hz) 
Mode 
H0 H1 H2 
Measured Predicted ε/% Measured Predicted ε/% Measured Predicted ε/% 
1 466.9 466.9 0.0 385.4 390.6 1.3 305.6 306.3 0.2 
2 1112.4 1176.7 5.8 1010.6 1075.7 6.4 954.4 1000.8 4.9 
3 1701.6 2107.6 23.9 1679.5 2106.5 25.4 1666.3 2096.8 25.8 
 
 
Table 6. Measured and predicted natural frequencies of beams H3 and H4 (Unit: Hz) 
Mode 
H3 H4 
Measured Predicted ε/% Measured Predicted ε/% 
1 334.0 329.8 -1.3 339.0 334.6 -1.3 
2 817.6 844.9 3.3 677.6 706.0 4.2 
3 1585.7 1763.1 11.2 1341.4 1508.4 12.4 
 
 
Table 7. MAC results between measured and predicted mode shapes 
Mode H0 H1 H2 H3 H4 
1 1.000 0.998 0.998 0.999 0.999 
2 0.999 0.997 0.998 0.997 0.998 
3 0.996 0.996 0.973 0.951 0.963 
 
 
Table 8. Model updating results of crack locations lc (Unit: mm) 
Element number 1 2 3 4 5 6 
H1 - - - 150 (150) - - 
H2 - - 63 (50) - - - 
H3 - - 50 (20) - 46 (70) - 
H4 - 89 (90) - 170 (180) 77 (60) - 
Note: the values in the parentheses are actual crack locations. 
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Figures 
(a)      (b)  
Fig. 1. Crack development of box beam section. (a) Stage 1; (b) Stage 2. 
 
 
Fig. 2. A cracked beam element 
 
  
Fig. 3. FE model of the cracked box beam 
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(a)   (b)  
(c)  
 
Fig. 4. Parametric study results for FVI2. (a) FVI2 versus aV/B (ts/B = 0.05, B = 100 mm); (b) 
FVI2 versus ts/B (aV/B = 0.45, B = 100 mm); (c) FVI2 versus B (ts/B = 0.05, aV/B = 0.45). 
 
 
 
 
Fig. 5. Comparison of KVI2 from FE modelling and Eq. (14)  
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Fig. 6. Schematic of numerically simulated beam (Unit: mm)  
 
 
 (a)      (b)  
Fig. 7. Comparisons between numerically simulated and predicted frequency shifts for a 
thick-walled box beam (ts/B= 0.1) for two crack scenarios: (a) α = 0.8; (b) α = 1.0. 
 
 
(a)          (b)  
Fig. 8. Updated crack depth ratios (α) of a thick box beam (ts/B = 0.1) for two crack scenarios: 
(a) α = 0.8; (b) α = 1.0. 
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 (a)     (b)  
Fig. 9. Comparisons between numerically simulated and predicted frequency shifts for a thin-
walled box beam (ts/B = 0.02) for two crack scenarios: (a) α = 0.8; (b) α = 1.0. 
 
 
 
(a)      (b)  
Fig. 10. Updated crack depth ratios (α) of thin-walled box beams (ts/B = 0.02): (a) α = 0.8; (b) 
α = 1.0. 
 
 
 
Fig. 11. Experimental box beam specimens 
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 (a)  
 (b)  
Fig. 12. Modal testing setup. (a) Photo of the setup; (b) Schematic view of the setup (Unit: 
mm). 
 
 
 
Fig. 13. A typical driving FRF curve (at point P4 of beam H0) 
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(a)     (b)  
 (c)  
Fig. 14. Comparisons of measured mode shapes from top and bottom accelerometers. (a) 
Resonance at f = 803.8 Hz; (b) Resonance at f = 1112.4 Hz; (c) Resonance at f = 1284.8 Hz. 
 
 
 
Fig. 15. Measured mode shapes for the first bending mode from all 5 beam specimens 
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(a)      (b)  
(c)      (d)  
Fig. 16. Comparisons between measured and predicted frequency shifts. (a) H1; (b) H2; (c) 
H3; (d) H4. 
 
 
(a)     (b)  
(c)        (d)  
Fig. 17. Model updating results of crack depth ratios α. (a) H1 (4th, α = 0.79); (b) H2 (3rd, α 
= 1.01); (c) H3 (3rd and 5th, α = 0.94 and 0.74); (d) H4 (2nd, 4th and 5th, α = 0.99, 0.68 and 
0.84). 
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